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Hadronic vacuum polarisation

Can be computed in Euclidean space-time [Blum ’02 ]

Πµν = a4
∑
x

e iQx〈Jem
µ (x)Jem

ν (0)〉

We seek to compute the e↵ect of hadronic vacuum polarisation contributions to aµ which
are obtained by calculating contributions to the graph in (2.3) of the form

q, µ

p p0
had

. (2.5)

As described in [10] the contribution to aµ from the one-loop diagram equivalent to the
graph (2.5) with the hadronic blob removed can be expressed as

�! a(1)
µ =

↵

⇡

Z 1

0

dQ2 f(Q2) (2.6)

where the kernel function f(Q2) is divergent as Q2 ! 0 and can be expressed

f(Q2) =
m2

µQ
2Z(Q2)3(1�Q2Z(Q2))

1 + m2
µQ

2Z(Q2)2
Z(Q2) = �Q2 �

p
Q4 + 4m2

µQ
2

2m2
µQ

2
. (2.7)

From this, the expression for the hadronic vacuum polarisation contribution can be
obtained with the insertions:

had
�! a(2)had

µ =
⇣↵
⇡

⌘2
Z 1

0

dQ2 f(Q2)⇥ ⇧̂(Q2) (2.8)

where ⇧̂(Q2) is the infra-red subtracted transverse part of the hadronic vacuum polari-
sation

⇧̂(Q2) = ⇧(Q2)� ⇧(0) ⇧µ⌫(q) = (q2gµ⌫ � qµq⌫)⇧(q2) (2.9)

q, µ q, ⌫had ⌘ i⇧µ⌫(q) (2.10)

at Euclidean momentum Q2 = �q2. The hadronic vacuum polarisation function ⇧µ⌫(q)
can be computed as the Fourier-transformed two-point correlator

⇧µ⌫(q) =

Z
d4x eiq·(x�y)hJµ(x)J⌫(y)i (2.11)

involving the electromagnetic current

Jµ(x) =
X

i

Qi ̄
i�µ 

i (2.12)

where  i is the quark field of flavour i and Qi is its charge. The path-integral used in the
expectation value in (2.11) will involve only hadronic fields, i.e. quarks and gluons.

3

Πµν(Q) = (Q2δµν − QµQν)Π(Q2)

Π̂(Q2) = Π(Q2)− Π(0)

aHLOµ = (α
π

)2
∫∞

0
dQ2f (Q2)× Π̂(Q2)

Systematic uncertainties to be controlled - general

1 Simulations at physical mπ

2 Controlled continuum limit, FV effects

3 Disconnected diagrams [V. Gülpers, Mon, 14.55 ] [Della Morte et al. ’10 ]

4 Obtaining a real world result: charm quark, isospin effects . . .
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Hadronic vacuum polarisation on the lattice

Systematic uncertainties to be controlled - HVP related

Conventional simulations do not allow access to sufficiently low Fourier momenta

Integral is dominated in the region where relative errors are enhanced

Structure of HVP tensor is such that Π(0) is not directly accessible

Systematic uncertainty introduced by extrapolation

Conventional procedure
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Figure 4: Value of the fit parameter am1 in fits using the ansatz (3.4) on the � = 2.25 lattice
at amu = 0.004. The vector mass amV as determined on this lattice is shown in green. Note
in the fit where m1 was fixed, it was only constrained to lie within the green band. It is clear
that for a high Q2

C , m1 will emerge at the upper limit of the band, indicating some tension
between the fit-form and the data, but as can be seen in Fig. 3, this has very little impact on
the goodness of the fit.

a precise result for this quantity, and this must be combined with the use of twisted
boundary conditions [14] in order to access data at lower values of the lattice momentum.
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Figure 5: Examples of the integrand in the rescaled integral (3.6).

10

Π(Q2) =
Πµν (Q2)

QµQν−δµνQ2

Transverse projection: Qµ = 0

Take only diagonal components Πµµ

aHLOµ = (α
π

)2
∫∞

0
dQ2f (Q2)× Π̂(Q2)
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Improving the systematics of connected HVP

Several new methods on the market

R123 procedure (Π(Q2 = 0), utilising twisted BC formalism) [de Divitiis et al ’12 ]

Padé approximants [Aubin et al ’12 ]

Dispersive model study [Golterman et al ’13 ]

Hybrid strategy [Golterman et al ’14 ] [Mon, 14.15,Sess 1D ]

HPQCD time moments [Chakraborty et al ’14 ] [Mon, 15.15, Sess 1D ]

. . .

Challenge: Apply the optimal procedure to physical point data

This work: Fitting Padé approximants on the fresh DWF physical point data
inspired by [Aubin et al. ’13 ]
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Previous RBC-UKQCD computation of aHLOµ [Boyle et al’11 ]

Non physical mπ, a−1 ≈ 1.3, 1.7, 2.3 GeV

Local current at source, conserved at
sink

DWF (Möbius scale=1.0),
Iwasaki/DSDR gauge action

Fitting Q2- dependence of Π(Q2)
up to Q2

C ≈ 2.5− 9 GeV2

4 Results

We extract our final results from the fit using (3.4) with the first mass fixed to that of
the vector meson as measured on each ensemble. Observing the behaviour of the reduced
�2 as the fit range is varied, we choose a suitable value for Q2

C for each ensemble which
provides the most reliable result. We attempt to choose a cut which provides a low
reduced �2 preferably where the parameter m1 agrees without tension with mV. This
produces the results shown in Table 3, where we also quote the reduced �2 of the fit, and
the resulting values of the remaining associated free parameters.

These results are also shown as a function of m2
⇡ in Fig. 6, where we compare them

to previous 2+1 flavour results from [13]. Also shown is an extrapolation to the physical
point, using a quadratic chiral ansatz. This produces a final result for the leading order
hadronic vacuum polarisation contribution the anomalous magnetic moment of the muon

a(2)had
µ = 641(33)⇥ 10�10. (4.1)
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Figure 6: Integrated result for a
(2)had
µ as a function of the pseudoscalar mass squared.

We have also investigated the e↵ect of modifying the kernel function in the integrand
(2.8) in the manner outlined in [15], where in an e↵ort to moderate the variation of the
outcome of the integral as a function of the quark mass, the momentum argument of the
kernel function is rescaled by a factor of the ratio of the value of a relevant observable H
(the mass of the vector meson appears to be an optimal choice) measured at the simulated
quark mass to its physical value. This e↵ectively defines the calculation of a new quantity
which approaches the desired a

(2)had
µ in the physical limit. We show the results of such

11

Strong mπ dependence

Eliminate the systematics of chiral extrapolation: computing HVP at mphys
π
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RBC-UKQCD Nf = 2 + 1 Domain Wall ensembles
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aHLOµ from DWF for non-physical mπ [Boyle et al ’11 ]

physical point HVP (•) recently measured → preliminary results!
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aHLOµ from DWF at physical pion mass

Physical point lattice parameters:

Möbius DWF, Iwasaki gauge action

483 × 96× 24, a−1 = 1.73 GeV -measurements underway
643 × 128× 12, a−1 = 2.31 GeV

HVP with Möbius DWF

Möbius scale =2.0

Möbius conserved current [see talk by P.Boyle, Mon 6.10p.m., 2.B ]

Local current at source, conserved at sink

Point source, 12 source positions
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Point vs. stochastic source

Point source, 12 source positions

Z(2) wall source, 48 source positions

(one-end trick) [McNeile et al. ’06 ]
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Point vs. stochastic source

Point source, 12 source positions

Z(2) wall source, 48 source positions

(one-end trick) [McNeile et al. ’06 ]

Comparison (12 src. positions each, log scale on y-axis)

Point src. better in low-Q2 region (Q2 <∼ 0.2 GeV 2)
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Physical point HVP from Nf = 2 + 1 DWF

Physical point data:

L/a = 483 × 94× 24, a−1 = 1.73GeV

Π(Q2) convergent sequence of PAs[Aubin et al,’13 ]

VMD is unreliable

Padé approximants [N,D]

Π[N,D](Q
2) =

∑N−1
n=0 anQ

2n

1+
∑D

m=1 bmQ2m

Marina Marinkovic Physical point HVP from Möbius DWF Lattice 2014, 27 June, 2014 10 / 16



Physical point HVP from Nf = 2 + 1 DWF
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Physical point HVP from Nf = 2 + 1 DWF
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Physical point HVP from Nf = 2 + 1 DWF
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Left: Physical point data (Möbius DWF)

Right: Dispersive model study [Golterman et al. ’13 ]

Same qualitative behaviour - Padé [2,2] looks acceptable

Nevertheless, even for Padé [2,2]

Removing correlations
Results for different choice of Q2

C not compatible

Quoting the value for aHLOµ would be premature
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Physical point HVP from Nf = 2 + 1 DWF

Light and strange contributions separated
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Limited statistics (28 meas. config.) with physical mπ already gives:
δastat.µ

aµ
for light contribution is O(10) larger than for strange HVP

Marina Marinkovic Physical point HVP from Möbius DWF Lattice 2014, 27 June, 2014 13 / 16



Summary and outlook

Summary

Current status with DWF:

physical point data with ∼10% stat. errors, measurements underway
in addition to the previous non-phys. point computation

Significant increase signal/noise ratio near Q2 = 0 coming from the light sector

Large systematics with conventional procedure anticipated

Outlook

Add another lattice spacing with mphys
π

Hybrid method [ See talks: K.Maltman (Mon, 14.15, 1D) ]

HPQCD time-moment approach [See talks: B.Chakraborty (Mon, 15.15,1D) ] and possible
improvements:

Discrete moments [See talks: K.Maltman (Mon, 14.15, 1D) ]
Large volume limit [See talks: C. Lehner (Fri, 15.35, 8D) ]

Ultimate goal: aHLOµ with full control over syst. and stat. uncertainties (< 1%)
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Physical point HVP
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